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Series Foreword

Artificial intelligence is the study of intelligence using the ideas and
methods of computation. Unfortunately a definition of intelligence seems
impossible at the moment because intelligence appears to be an amal-
gam of so many information-processing and information-representation
ahilities.

Of course psychology, philosophy, linguistics, and related disciplines
offer various perspectives and methodologies for studyving intelligence.
For the most part, however, the theories proposed in these fields are too
incomplete and too vaguely stated to be realized in computational terms.
Something more is needed, even though valuable ideas, relationships,
and constraints can be gleaned from traditional studies of what are, after
all, impressive existence proofs that intelligence is in fact possible.

Artificial intelligence offers a new perspective and a new methodol-
ogy. Its central goal is to make computers intelligent, both to make them
more useful and to understand the principles that make intelligence pos-
sible. That intelligent computers will be extremely useful is obvious. The
more profound point is that artificial intelligence aims to understand in-
telligence using the ideas and methods of computation, thus offering a
radically new and different basis for theory formation. Most of the people
doing work in artificial intelligence believe that these theories will ap-
ply to any intelligent information processor, whether biological or solid
state.

There are side effects that deserve attention, too. Any program that
will successfully model even a small part of intelligence will be inher-
ently massive and complex. Consequently artificial intelligence continu-
ally confronts the limits of computer-science technology. The problem
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Chapter 1

In this general framework, this book is an attempt to propose solutions
to the problems arising from the following scenario: A mobile platform
must move about in an unknown indoor environment with capabilities
allowing it to do the following:

Avoid static and mobile obstacles.

2. Build models of objects and places in order to be able to recognize
and locate them.

3. Characterize its own motion and that of moving objects by providing
descriptions of the corresponding three-dimensional motions.

We think that these tasks are in many respects generic in the sense that
a large number of robotics systems should be able to perform them in
order to be able to interact with fairly unconstrained environments. This
hypothesized genericity has the consequence that this book is not only
a set of solutions to specific problems, but that many of the ideas in it
are general and can be used in different settings. The book can therefore
also be read as a general book on computer vision.

We have stressed the mathematical soundness of our ideas in all our
our approaches at the risk of scaring some readers away. We strongly
believe that detailing the mathematics is worth the effort, for it is only
through their use that computer vision can be established as a science.
But there is a great danger that computer vision will become vet another
area of applied mathematics. We are convinced that this danger can be
avoided if we keep in mind the original goal of designing and building
robotics systems that perceive and act. We believe that the challenge is
big enough that computer vision can become, perhaps like physics, a rich
source of inspiration and problems for mathematicians.

Another key feature of this book is the importance of geometry, in
particular three-dimensional geometry. This is because the world where
robots move and act is, like ours, three-dimensional, that we have de-
cided to expend so much effort on describing three-dimensional geom-
etry and its fascinating relationship with the imaging process by which
many key three-dimensional features are distorted in an intricate man-
ner.

We have also devoted a great deal of attention to the problem of uncer-
tain data. Even though we think that geometry must play a crucial role in
computer vision systems, this geometry has to be built from noisy mea-



8 Chapter 2

is interested in this subject may find it profitable to read the beautifully
written book by Semple and Kneebone [SK52].

2.1 How to read this chapter

Section 2.2 is a general introduction to projective spaces and can be read
quickly the first time to get an idea of the concepts involved. Proposi-
tions 2.1 and 2.2 are fundamental in the sense that they give a practical
way of changing coordinate systems in a projective space, an operation
that must be done more often than we may wish. Theorem 2.1 is abso-
lutely essential for understanding chapter 5.

Section 2.3 should allow the reader to develop an intuition about pro-
jective spaces since we are studying the simplest of them, the projec-
tive line. We introduce two fundamental concepts: the point at infinity,
which is the key to understanding the relationship between the projec-
tive spaces and the usual affine spaces with which we are more familiar,
and the cross-ratio, which is one of the most useful invariants.

Section 2.4 takes us one dimension higher to the projective plane, Since
we will often model an image as "living” in a projective plane, this section
is important to read and understand. We introduce four fundamental
concepts. First is the principle of duality by which points and lines are es-
sentially equivalent. This duality affords a systematic way of transferring
proofs that have been made for points to lines and vice versa. Second
is the line at infinity, which plays the same role as the point at infinity
of the projective line in helping us to understand the relationship be-
tween the projective plane and the more familiar affine plane. Third is
the cross-ratio of four lines intersecting at a point, which, like the cross-
ratio of four points on a line, is one of the most useful invariants. Fourth
is the idea of a pencil of lines, which is essential to understanding the
epipolar geometry we use in the stereo analysis that is done in chapter 6.
The material on conics is used both in chapter 3 to interpret the intrinsic
parameters of a camera and in chapter 7 to prove the correctness of the
five-point algorithm,; it can be skipped on the first reading.

The last part of section 2.4 shows that there are strikingly simple re-
lationships between the usual affine and euclidean planes and the pro-
jective plane. They arise from the choice of a special line, called the line
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and we can take P=BA ' and p, = f: Furthermore, if Px; = pyy; and
Qx; = a,v,, then PAe, = A,p,y, and QAe, = py,p,¥, and hence, by the pre-
vious proposition, PA = TQA, i.e., P = T7Q for some scalar 7. L

This proposition shows that a collineation is defined by n + 2 pairs of
corresponding points. We will use this property many times in the next
chapters.

2.2.4 The relationship between 7™ and the unit sphere 5™ of R™"!

Here we state a theorem that will turn out to be extremely useful in
chapter 5.

Theorem 2.1
The space P™ is topologically equivalent to the unit sphere §™ of R™*! in
which we have identified antipodal points.

Proof This proof can be found in all books on algebraic topology, for
example in the book by Greenberg and Harper [GHE1]. We can develop
an intuition about what is going on as follows. A point x of 5™ is rep-
resented by a vector x = [x,...,%x,.;]7 such that ¥ x? = 1. This also
represents a point of P™. The vector —x represents the antipodal point
of x, which is also on 5™ but represents the same point of P™, ]

In particular, this theorem says that all projective spaces are compact
spaces. This comes as a bit of a surprise since we all know, at least
vaguely, that projective spaces are about points at infinity and that com-
pact subsets of R™ are bounded. But we should not follow our intuition.
Projective spaces are indeed compact, although the attentive reader will
have no doubt realized that the kind of compact space we are talking
about, a sphere that has been folded upon itself by identifyving antipodal
points, is by no means easy to picture in the mind’s eye.

In chapter 5 we will also study the differential structure of the space P"
and find it very simple, almost as simple as that of R™*', The importance
of this theorem is due to the fact that the folded unit spheres of R* and
R+ very naturally appear in the problems of representing directions; the
folded unit sphere of R* appears in the problem of using quaternions
for representing three-dimensional rotations. Since 7" is simpler to use
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2.4.2 The line at infinity

Among all possible lines, the one whose equation is x; = 0 is called the
line at infinity of P?, denoted by l.. The reason for this terminology
is that we think of the projective plane as containing the usual affine
plane under the correspondence [ X, X:]" — [X,, X5, 1]7 or Xe;, + X.e, 4
e;. This is a one-to-one correspondence between the affine plane and the
projective plane minus the line of equation x; = 0. For each projective
point of coordinates (x,,xz, x;) that is not on that line, we have

X, =31 Xx,=22 (2.4)

X3 -« xy

If X; — e while X, does not, we obtain e,, which is on [.. Similarly, when
X; — oo while X, does not, we obtain e..

Each line in the projective plane of the form of equation (2.3) inter-
sects .. at the point (—wu3, u,,0), which is that line's point at infinity.
Note that the vector [—w., u,]|" gives the direction of the affine line of
equation u, X, + u:X, + uy = 0. This gives us a neat interpretation of the
line at infinity: Each point on that line, with coordinates (x;, x;,0), can
be thought of as a direction in the underlying affine plane, the direction
parallel to the vector [x), x:]". Indeed, it does not matter if x, and x. are
defined only up to a scale factor since the direction does not change. We
will use this observation in chapter 5 when we discuss the problem of
representing two-dimensional directions.

Another useful property is the following:

Proposition 2.4
The representation of the point of intersection of two distinct projective
lines is the cross-product of their representations.

Proof To see this, simply apply the principle of duality. We have seen
that the representation of the line going through two points is the cross-
product of the representation of those points, and this implies that the
representation of the point of intersection of two lines is the cross-
product of their representations. For an alternate proof see problem 4,
m

Note that this implies that, in projective geometry, two distinct lines
always intersect.
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it is equal to 2, we can choose the matrix P in such a way that the conic
equation becomes

dixi+daxi=0
which can then be factored as
{1;"d—]x| + E."—_thg}{y"d_;m — 1,'."—_.-.1'2.1'3} =0

The conic is therefore a pair of lines (real or complex) intersecting at the
point represented by es.

If the rank is equal to 1, the same reasoning shows that the equation
can be written

l:-i[.'r'i’.'.f=ﬂ

The conic is therefore reduced to a single line taken twice.
2.4.7 Affine transformations of the plane

We have seen that there is a one-to-one correspondence between the
usual affine plane and the projective plane minus the line at infinity. In
the affine plane, we know that an affine transformation defines a corre-
spondence X — X', which can be expressed in matrix form as

X=BX+h (2.7}

where B is a 2 x 2 matrix of rank 2, and b is a 2 x 1 vector. From this
equation it is clear that these transformations form a group called the
affine group, which is a subgroup of the projective group. This subgroup
has the interesting property that it preserves the line at infinity.

Let A be the matrix of a collineation that leaves [., invariant. The matrix
A can be written as

E ¢
= ['ﬂ}_ HJJ

where C is a 2 x 2 matrix and c is a 2 x 1 vector. The condition that the
rank of A is 3 implies that ay; = 0 and the rank of C is equal to 2. Using

the equations (2.4) we can write equation (2.7) with B = ;TC and b = u—'“c
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ink, (2]

L=l =il Lii=1,....4

A i

Since l,; = -1, there are only six of these numbers that are apparently
independent, for example the six numbers

i1, Lazs Lys, Lag, U5y, and Lo

which we can take as the components of the coordinate vector 1 of [.
These six numbers are not really independent, though, since their ratio
is independent of the choice of the points P, and P.. Indeed, let us define

?'.ll — nxﬂ:l + ﬁxla."l
.FI!.!I- - ﬁ’x[ll + ﬁ-‘xl.ﬁ'i‘

Then it is easy to show that the line coordinates m,; that they define
satisfy

m;; = (xf’ — o Bll;;

This shows that the ratios of the [,; are constant.

There is a further relation between the line coordinates that can be
obtained by noticing that the 4 x 4 determinant (x'", x'*', x'V', x'*'} is iden-
tically 0. Therefore, we obtain the identity

5"}21“133"'!431_-;14".;31]‘]:[] {2.11}

The six numbers [;; that are connected by the relation (2.11) are referred
to as the Grassmann or Pliicker coordinates of the line (see problem 7). If
we think of the vector 1 as the coordinate vector of a point in P°, equation
(2.11) can be interpreted as the equation of a surface of degree 2 on
which all points of P* that represent lines of P? must lie,

This representation of lines is useful in many respects. As an example,
let us consider two lines ! and [' represented by their Pliicker coordinates
1 and I'. The following proposition is true:

Proposition 2.5
A necessary and sufficient condition for the two lines [ and [I' to intersect
is that their Plucker coordinates | and I’ satisfy the equation

S{I.Ir] — {:.4112.3 + I:I]Iz:ql + ““HL + E:!?EHL:I + {LH.E’” + r-t:'l'i”} - ﬂ {2.12}
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2.5.6.3 Intersection of a quadric with a plane

Consider a quadric § and a plane 7. We assume that we have changed
coordinates so that the equation of the plane is x; = (. The intersection
is a curve given by

4

> ayxix;=0=1x,
i f=1
and is therefore a conic in . If § is proper, this conic is degenerate if
and only if the plane is tangent to 5.

2.5.6.4 Intersection of a quadric with a line

Let @ and R be two points of the space represented by v and z, respec-
tively. A variable point on the line (2, R} is represented by v + #z, and
this point lies on the quadric § if and only if

Sly+0z)=0

We can expand this and group terms of similar degrees in @ as follows:

S(y) + 20S(y,z) + 8°5(z) =0 (2.13)
where
Sily,z) =y Az

Therefore, in general, there are two points of intersection of the line
(2, R} with the quadric 5. These points can be real or complex, distinct
or identical, and are obtained by solving the quadratic equation (2.13).

2.5.6.5 The tangent cone to a quadric from a point
The line (2, R) is tangent to § when the discriminant of the quadratic
equation (2.13) is equal to O:

S5(y.z)° - S(yi5i{z) =0 (2.14)

This equation has an interesting interpretation. If we keep Q fixed and
let R vary while keeping the line {Q, R} tangent to S, then equation( 2.14),
when considered as an equation in z, is the equation of the tangents to §
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d. Give the inverse of a transformation defined in problem 8.

e. Conclude that the set of transformations defined in problem 8 and
those of question a form a group.

10. Verify the Laguerre formula for planes.

11. Could you suggest (and prove) a projective formula (i.e., with a cross-
ratio in it) for the angle of two lines in 3-D space?

12. Prove equation (2.16).



Chapter 3

Optical axis

Retinal
N

Figure 3.3 The optical axis, focal plane, and retinal plane.

3.2.1.2 A physical model

Next we will relate the amount of light that is reflected and emitted at
a point on an object to the brightness of the image of that point in
the retinal plane. The amount of light falling on a surface is called the
irradiance, and it is measured in Wxm~™-, watts per square meter. The
amount of light radiated from a surface is called the radiance, and it
is measured in Wxm™* x sr-!, watts per square meter per steradian.' A
simple computation that can be found, for example in the book by Horn
[Hor86), shows that the relationship between the image irradiance E and
the scene radiance L is a very simple linear relationship:

] m.d.,
E=I-Eﬂ—]'{'{]5"ﬂ

i3

The parameters involved in this equation are defined in figure 3.4.

1. The steradian is the unit used to measure solid angles.
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Figure 3.7 The row vectors of matrix P define the focal plane and the line
joining the optical center to the origin of the coordinates in the retinal plane.

plane. Note that this line of intersection is not, in general, the optical axis
of the camera. This is shown in figure 3.7.

From the perspective projection matrix P we can compute some useful
information:

m One very useful piece of information in many applications is the optical
center C of the camera. According to figure 3.7, C is defined as the
intersection of the three planes of equations QM = 0. Therefore it is
obtained by solving the system of three linear equations

ﬁ[f]:u

If we write the 3 x 4 matrix P as [P ﬁ], where P is a 3 x 3 matrix and
p a 3 ¥ 1 vector, and assume that the rank of P is 3, this equation can
be rewritten as

C=-P'p (3.7)

The careful reader may be a bit concerned by the fact that we are
extracting from a matrix P, which is defined only up to a scale factor,
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-
-

normalized

retina
T
{"I
t l
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() .-" if
* 4
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w

Figure 3.9 Relationship between the real and normalized retinal planes.

gt s D0 (3.15)

There are two important conclusions that we can draw from these
algebraic manipulations.

® First, we have developed a geometric interpretation. If we consider
the plane parallel to the retinal plane and at a unit distance from the
optical center, this plane, together with the optical center, defines a
“normalized” camera (see figure 3.9). Note that this plane is on the
other side of C with respect to the retinal plane, producing an inverted
image compared to the original one.

® Second, we have an interpretation of the dimensions of k,, k., o, and
o, Indeed, let us write the projection equation using equation (3.12):

U e B g A :‘;
vli=l 0 -fk wm of|7
s 0 o 1 0f|3
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{}_ELF_W_ELF
0-8 =8,

{(,7:d,b) =

The ratio containing =< is equal to 1 (that is the magic); therefore

1'”‘11 ﬁ.tﬁ'.E‘} = % — P-'E-l-li:r-::?m
il

where Arg(0,) is the argument of the complex number &;. We will let the
reader finish the computation in problem 1.

3.3.2 Changing the world reference frame

Just as it is important to study how the matrix P changes when we change
the image coordinate system, it is likewise important for many applica-
tions to study how the matrix P varies when we change the 3-D coordi-
nate system.

3.3.2.1 Extrinsic paramelers

As shown in figure 3.11, we go from the old coordinate system centered
at the optical center C to the new coordinate system centered at O by
a rotation R followed by a translation T = CO. Following the notation of
the same figure, and similar to the retinal case, we have

CM =CO + OM
We express OM in the new coordinate system as follows:
DH = xhr:_'h'l ¥+ _-J"'Iilu:ﬁl.v...lI + zm"ur'I{

and then introduce the rotation matrix R from the old coordinate system
to the new, yvielding

I=Ri J=Rj K =Rk

Finally, denoting the vector CO in the old coordinate system as 1=
[t ty, -], we have

. xru"u.'
CM - .. + R J""”rw

zrll."'lﬂ'
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3.4.1 Estimation of the perspective projection matrix P

Since we wish to estimate matrix P and then possibly compute from the
result the values of the intrinsic and extrinsic parameters, it is impor-
tant to study the conditions under which a 3 * 4 matrix P can be written
in the form of equation (3.21). In doing this we will discover some im-
portant constraints that have not always been taken into account in the
literature.

3.4.1.1 Constraints on P

Clearly, not any 3 » 4 matrix P can be written in the form of equation
(3.21). Indeed, this matrix depends upon ten parameters, whereas a gen-
eral projective 3 = 4 matrix depends upon eleven parameters. In fact, we
have the following theorem:

Theorem 3.1
Let P be a 3 x 4 matrix defined by equation (3.6) such that rank(P) = 3.
There exist four sets of extrinsic and intrinsic parameters such that P can
be written as equation (3.21) if and only if the following two constraints
are satisfied:

llgall =1 (3.22)
(Q: Aqs) - (g2 Ags) =0 (3.23)

Proof The if condition is satisfied if equations (3.22) and (3.23) are true
if P is written in the form of equation (3.21). The proof of the only if
condition is obtained as follows. Using equation (3.21) and the fact that
matrix P is known up to a scale factor £ that must be +1 because of equa-
tion (3.22), we can compute a set of intrinsic and extrinsic parameters.
The resolution proceeds as follows. By comparing the third rows in equa-
tions (3.6) and (3.21), we obtain

t: = Eqqq4

: (3.24)
Iy = £

Taking the inner products of q; with q, and q. yields w; and vg:
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Figure 3.12 The retinal coordinate system may not even be orthogonal.

orthogonal, and that leads us to introduce an extra parameter, the angle
@ between the two vectors I and J, still assuming that I, for example, is
parallel to i (see figure 3.12). We have therefore increased the number
of intrinsic parameters by one and can thus decrease the number of
constraints on matrix P by one.” The relation between (i,j) and (L ]) can
be written as

i=sl and j=s]

From figure 3.12, it is clear that

i _icos@ + jsin0
1= k., 1= k.
Therefore

k :
. Ku = tan &
= -
0 5in

In this case we can work out a set of equations similar to equations (3.15).
Indeed, the most general matrix P can be written as

3. We could also say that, since it is equivalent to know the intrinsic parameters or the
image of the absolute conic, and since a general conic depends upon five parameters
isee section 2.4.6), five inlrinsic parameters are necessary.
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Since all z; are different from 0, we have rank(A) = rank(A’). By inspec-
tion, it is clear that the first column of A" plus its sixth column plus its
eleventh column is equal to 0. Therefore rank(A’) < 11. Let us prove that
it is equal to 11.

Letg;,, j=1,...,11, be the first ten and the twelfth column vectors of
matrix A'. We want to prove that a relation such as
11

> Ae=0 (3.38)

J=1

implies that A; =0, j=1,...,11. But equation (3.38) is equivalent to the
N relations

Aixize + Aavizi + Aazf + Az

(3.39)
== E'he_;xf = ﬂ-m.ﬂ.’,‘_}',‘ —Anx; =0 ST R N
and the N relations
AsxiZi + AeiZi + ArZi + AsZ
(3.40)

-r:'!-*_hi'i'i}'|—.r‘lm}"f—ﬁ.||_}',=ﬂ t= 1, ..., N

From the fact that the polynomials xz, vz, z,2-, x-, and xv in the three
variables (x, ¥, and z) and x are linearly independent, as are the poly-
nomials xz, vz,z,2°, xv,¥*, and v, we conclude that, if the reference
points are in general positions, the equations (3.39) imply that

E'IL|=-“=;‘L|=&..=-~-=:’h1|=[]
and the equations (3.40) imply that
.H.',= N '—'r‘tg=?l.{;=' ..o =r?1|.'||_={:'

Therefore, rank(A) = 11.

We can now define what we mean by general position. Here it means
that not all of the points fall on either of the quadric surfaces whose
equations are given by equations (3.39) and (3.40). Each of these quadrics
is defined by seven parameters (Ay, Az, As, Ay, Ao, Ay, and Ay, for the first
one, and As, Ag, Az, Ag, Ag, Ajp, and A, for the second one). Therefore six
points are necessary to define each of them. If we choose six points
at random, they define two quadrics through the equations (3.39) and
(3.40).
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To further compare the two methods, we have perturbed the data in
the following manner: Noise has been added to the pixel coordinates
of the reference points. The noise is gaussian and independent, and its
standard deviation varies between 0 (for no noise) and 3 pixels. We have
generated a large number of independently perturbed sets of reference
points and calibrated from each of those sets. The values of the extrinsic
and intrinsic parameters are plotted in the graphs of figures 3.13 and
3.14. The dotted curves represent the performances of the linear method,
and the continuous curves represent the performances of the nonlinear

method, which clearly appears to be more robust.
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Figure 3.13 How the intrinsic parameters vary with the pixel noise.
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4 Edge Detection

4.1 Introduction and precursors

4.1.1 What are edges?

For a person, it is usually very easy to find the contours of objects in a
scene. The corresponding operation is extremely difficult for a computer.
There are several reasons for this.

1.

[ %]

The first reason has to do with language. When we talk about con-
tours of objects, we assume that the notion of object is well under-
stood, but in fact it is one of the goals of computer vision to identify
objects in scenes. Therefore the idea of contour cannot be defined
through a definition of the idea of object since that would be creating
a vicious circle.

Even if we use a more physical definition of an edge as a discon-
tinuity of some sort of the image intensity function, we still have
the problem of measurement noise, which is the second reason that
the detection of edges in an image is a difficult task. Indeed, detect-
ing discontinuities of image intensity can be achieved mathematically
by computing derivatives of this function. The detection of edges is
difficult, however, because this intensity is a physical measurement
that is subject to noise (see section 4.2); moreover, the operation of
derivation is prone to enhancing that noise. This problem is made
even worse by the fact that the images that are generally processed
have been both sampled and quantized.
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Given these preliminary words of caution, we will look at some of the
precursors for detecting edges.

4.1.2 Early edge detectors

All the earlier edge detectors tried to tackle the two problems of com-
puting some derivatives of the image intensity and of being robust to
noise. These two requirements, as will be shown later, are contradictory,
and various tradeoffs have been proposed to achieve a balance between
accurate detection of edges and robustness to noise.

The idea of using derivatives of the image intensity function to en-
hance the detection of edges can be viewed from several standpoints:

® |n the signal domain, an edge in some direction corresponds to a large
local variation of the intensity function in a direction perpendicular to
the edge. Computing such a derivative therefore replaces the problem
of detecting an edge with the problem of detecting a local extremum.

® In the frequency domain, a derivative operator can be viewed as a high-
frequency booster (sin wx becomes w cos wx), and therefore such an
operator will enhance edges more than flat areas.

Note that these simple ideas do not take the noise into account.
The general paradigm i1s a two-step method that has been used in the
past and, as we will see, is still being used today;

1. Enhance the presence of edges in the original intensity image
fix,v), thus creating a new image g(x, ¥} where edges are more
conspicuous. Large values of g indicate the likelihood of the pres-
ence of an edge.’

2. Threshold g(x, v) to make an edge/no-edge decision, vielding a bi-
nary edge map f.(x, v).

This paradigm is described in figure 4.2,

1. This applies also to the case, discussed later, where edges are detected by zero-
crossings of the second-order derivative of the image intensity via a simple change of
variahle.
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Figure 4.2 A simple paradigm for edge detection.

4.1.2.1 Discrete approximations of derivatives

Most of the early edge detectors have used some simple discrete approx-

‘Eﬂrﬁ of the

imations of continuous derivatives. Partial derivatives g-}% and :
intensity function f(x, ¥) can be approximated with finite differences:

g[x,y} = A S (X, ¥) = f(x +1,9) = f(x,)
of
ﬁ(x.:ﬂ]' =A,flx,¥)=flx, ¥+ 1) - fix,»)

If we view the intensity function fix, ) as a surface in R’ g}'v:en by its
equation z = f(x, v), the three-dimensional vector G = [%}5, %1 -1]"7 is
normal to that surface, and its magnitude is related to its local steepness.
Since the z-coordinate of G is constant, its projection g = [gﬁ, BF 1" on
the {x, v) plane carries exactly the same information and points toward
the direction of maximum intensity change, while its norm is an indi-
cation of the rate of change in this direction® and is called the image
gradient. This implies in particular that g is orthogonal to the direction
of edges. In practice, g is approximated by [A,, A, ]". It also allows us
to compute the rate of intensity changes in any direction, not only the
direction of maximal change, simply by projecting it onto that direc-
tion: If Dy f denotes the partial derivative in the direction 8, we have
Dof =V f-uy=g-u, where u; is the unit vector in the direction &*
We will see more about the differential properties of the image intensity
function in section 4.2.4.2.

2. gis also denoted by V .

3. More generally, the derivative of f in the direction of a vector u (not necessarily of
unit length) is noted Dy and is equal to ¥/ - w. In particular, we will consider Dgf,
the derivative of f in the direction of the gradient.
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Figure 4.3 The Roberts operator.

Another example is obtained by smoothing the image with the impulse
response

] 2 1
1 2 1

and then computing A, of the result. The corresponding impulse re-
sponse 1s

1 2 1
0 0 0
=1 =g =]

which is one of Sobel's masks, also discussed in the next section.
4.1.2.3 A few “classical operators”

We will now tie some of the previous ideas to some edge operators that
have proven to be useful in practice,

1. The Roberts operator [Rob635] is described in figure 4.3, which shows
that this operator computes Dy f and D, f (see footnote 3), and
then the euclidean norm of the discrete gradient.

Sobel's and Prewitt's operators [Sob78, Pre70] are described in fig-
ure 4.4, which shows that they compute the horizontal and vertical

M
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Figure 4.4 5Sobel's (c = 2) and Prewitt's (c = 1) operators.
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components of a smooth gradient, and then combine them to vield
the euclidean norm of this vector,

4.1.3 Measuring the quality of an edge detector

The idea of measuring the quality of an edge detector is an old one,
and Abdou and Pratt [Abd78] have used it to define a figure of merit for
comparing edge detectors. The idea is not to use the figure of merit to
design the edge detector, as will be done in Section 4.3, but to use it to
select the best among existing detectors. Figure 4.5 shows a number of
defects from which a detector can suffer. The figure of merit proposed
by Abdou and Pratt is

Iy

1 1
F= e
max{f;.h}gl+ﬂd-m

where [, is the ideal number of edge points, I, is the actual number of
edge points, d(i) is the shortest distance of the ith actual edge point to
an ideal edge point, and « is a positive constant. The figure of merit F
is less than or equal to 1, with equality when [, = I, and d{i) = 0 for all
i. Using a measure of the guality of an edge detector in its design has
proven to be extremely powerful, as is shown in section 4.3,
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Figure 4.5 Edge defects.

4.2 Computing derivatives and smoothing

In the previous section we have shown the need to compute smoothed
derivatives of the image. We will now study this problem in greater detail,

4,2.1 Differentiation as an ill-posed problem

One way of realizing that differentiation is indeed quite sensitive to noise
is to consider a signal 5(x) perturbed by a sinusoidal noise:

Six)=s(x) + gsinfwx)

If £ is sufficiently small, S(x) and s(x) are very close to each other (in
the mean-square sense, for example®). Taking the derivative with respect
to x, we obtain

S'ix)=s5"(x) + swcos{wx)

=]

4. limg e [5,(5(x) - s{x))2dx = 5



Chapter 4

If w is large enough, then the sinusoidal term may completely dominate
the signal. The fact that high-frequency noise can hurt operations like de-
convolution has been known for decades both to mathematicians and to
electrical engineers. Powerful tools like the Wiener filter have been heav-
ily used in problems such as image restoration [AH77]. Unfortunately,
this formulation models both the signal s and the noise as stochastic
processes and assumes some statistical knowledge about both of them.
Usually stationary Gaussian processes are assumed, but these are not
well suited for modeling images, especially near edges that signify an
abrupt change in the statistical properties of the underlying process and
therefore imply nonstationarity. Another point is that this formulation is
equivalent to maximizing the signal-to-noise ratio; but, as we will see in
section 4.3, there are other criteria that are also important and are not
taken into account by this approach.

The previous discussion points to the fact that the problem of differ-
entiation is ill-posed. An ill-posed problem can be defined in contrast to
a well-posed problem. In 1923, Hadamard [Had23] introduced the defi-
nition of a well-posed mathematical problem as one whose solution (1)
exists, (2) is unique, and (3) is robust against noise (i.e., depends con-
tinuously on the data). Differentiation can be seen as a linear inversion
problem of finding f(x), given

g{x}=Jﬂx—}'}f{y}d_}* (4.1)

where Y (x) is the step function, sometimes also known as the Heaviside
function, defined as follows:

1 x>0
}-’{x}—{ﬂ vl

It is well known that, if the linear operator applied to the data (here
the convolution with ¥(x)) is not well behaved, then the corresponding
inversion problem is not well-posed, but rather is ill-posed.

Methods for transforming ill-posed problems into well-posed ones
have recently been developed [TA77]. The idea is, given the problem
of finding f from the data g such that g = Af, to set up a mean-square
problem involving the sum of two terms:

mfin[ g = Af| + AllPE||) (4.2)
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where P is a regularization operator that is intended to impose smooth-
ness on the solution £. This technique has been used in the restoration of
images [AH77, Pra78]. There are other ways of regularizing an ill-posed
problem but, as pointed out by Torre and Poggio [TP86], the most useful
one for computer vision is the one above,

The basic result of these methods is that, for convolution equations
such as (4.1), regularization is achieved by filtering g(x) with a smooth
low-pass filter, and differentiation is performed on the smoothed version
of gi(x). In order to be stabilizing, the filters must satisfy a number
of properties described by Torre and Poggio [TP86]| that are not very
constraining. Therefore, the theory validates the intuitive ideas used in
the design of the early edge detectors.

We have seen that, in order to be more robust to noise, differentiation
has to be performed on a smooth version of the signal. We will now dis-
cuss two related ways of smoothing, smoothing by filtering and smooth-
ing by approximation. Each case is illustrated by an example of an edge
detector.

4.2.2 Smoothing by filtering: the Marr-Hildreth detector

Filtering is commonly used to smooth the data before differentiating it,
There are a number of possible filters.

® Band-limited filters can eliminate noise with known frequency content.
The corresponding impulse responses are infinite and may therefore
pose some problems of implementation (see section 4.4). Examples of
such filters are the prolate spheroidal functions [LP61], which satisfy
all regularization properties given in the article by Torre and Poggio
[TPBG], and the Wiener filter in the case of a pink noise image model
with an independent additive white noise.

= We can also use support-limited filters or finite impulse response (FIR)
filters. They are interesting from the computational standpoint, but
in general fail to satisfy the regularization properties because of their
infinite frequency support.

® Another class of filters that can be considered as a compromise be-
tween the first two classes is the class of filters that minimize uncer-
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and minimize

S (f(x,v) - S(x, )

{x.¥IER

with respect to @,,...,d,. The result is given (see problem 2) by

EI..\'.}':L—.R P;-{I,_}"}f{xl_}i}
zﬂx,}rle.ﬂpi.f{xvy}

dp =

This shows that each coefficient a, is obtained by a linear combination of

the image values with the function Q(x, ¥) = < P“{Iﬁfgi_ 5" Deriva-
ixyvieR bk '

tives of f are then approximated with derivatives of §. In particular,
Haralick proposed finding the edges as the zero-crossings of Dﬁf , i.e.,
of D;S. We will see more of this idea in section 4.5.2 7.

4.2.4.2 The second derivative in the direction of the gradient and
the Laplacian

Let us study the relationship between the zero-crossings of the second
derivative D f of the intensity function f in the direction of the gradi-
ent g and those of the Laplacian. We know what a first-order directional
derivative is (see section 4.1.2.1), but what is a second directional deriva-
tive? If we consider a function f:R" — R, a point M of R" represented
by the vector M, and an n-dimensional vector u, we can consider the
restriction of the function f to the line of R" defined by the point M
and the vector u. This is a function that we call » from R to R defined
by r(x) = f(M + xu). The first-order derivative of » at x = 0 is equal to
the directional derivative D, f of f in the direction u, and its second-
order derivative at x = (0 is equal, by definition, to the second directional
derivative D2 f of f in the direction of the vector u. If we do a second-
order Taylor series expansion of v in the vicinity of 0, we will get the
expression of D f. Indeed, we have

P,
rix)=ri0) +xr(0) + ‘%r”{ﬂ} + E(x7)

-

=fiM)+xVf-u+ %uTHu + &(x*)

7. Dgf is the derivative in the direction of the gradient Dgf =V -g=g-8= Ig!°
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where H is the Hessian of f evaluated at M. From this it follows that
D.f =u'Hu
In the case where f is the image intensity function, we immediately have
Dif =g'Hg = f2fex + 2F v fey + Fifoy (4.8)

The second derivative in the direction g- = [-f,, f.]" orthogonal to the
gradient g is given by
DI f=8THE, = Fifex — 2fefo Sy + Fofyy (4.9)
This yields a simple relation between the Laplacian V<, D, and D; :
V= Mﬁ_

gl

Notice that the operators D; and D._  are in general nonlinear. If we

consider the intensity surface of section 4.1.2.1, we can express its mean
curvature H (see appendix C) as a function of the derivatives of f:

{1 +f.';:i:'.llr_'!'_‘|-' T {l +_f;:}j1_1.__t B Ef.tf._h'ft_'l'
T e B it EET*_”H” e SRR

where g= =1 + f; + f; = 1 + |Igll*. A simple algebraic manipulation shows
that

2g°H = g*V°f - Df

From this we immediately conclude that the zeros of Di' f coincide with
those of V= f if and only if the mean curvature H is zero, which in general

is not true.

4.3 One-dimensional edge detection by the maxima of the first derivative

We will now present a family of edge detectors based on the detection of
extrema in the output of the convolution of the image with an impulse
response to be determined. Since this impulse response has no reason
to be anisotropic, it must be even or odd. Because we want to detect
edges as extrema in the output, the impulse response must be “deriva-
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tionlike” and therefore odd. The nice thing about the approach to be
described [Can83, Can86] is that it explicitly takes two factors into ac-
count in the design of the edge detector: (1) a model of the kind of edges
to be detected and (2) a quantitative definition of the performance this
edge detector is supposed to have (remember section 4.1.3).

Using these specifications, we derive a criterion that must be satisfied
by the unknown impulse response and we minimize that criterion using
techniques of variational calculus. The edge detector thus produced can
be said to be optimal for the given criterion. We restrict ourselves to step
edges, and our edge model is the following:

elx)=AY(x) + nix) (4.10)

where nix) is a stationary white noise process satisfying

Einix))=0
and
E(n*(x}) = o

Several possible criteria can be chosen to characterize the performance
of an edge detector. Three such criteria are (1) good detection, i.e., ro-
bustness to noise; (2) good localization; and (3) uniqueness of response.
The last criterion means that the detector should not produce multi-
ple outputs in response to a single edge. Let us now study in detail the
derivation of the filter.

4.3.1 Deriving quantitative criteria

Let h{x) be the unknown impulse response, and o(x) the output signal
(see figure 4.12). We have

-

n{x}zj e{x-y}h[y]dyzﬂj- h{y}d;u+J‘ nix - vihividy

At x = (), we have

i f
o(0) = A_[ hiv)idy + I ni—yhiyvidy

This is the sum of two contributions, the signal contribution
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Figure 4.12 Edge detection by convolution with hix).

0
5= ;‘.J hiyvydy
and the noise contribution

N _j Ch(y)n(=y) dy

4.3.1.1 Detection criterion

From the definition of the random noise ni{x), N is a random variable
such that E(N) = 0 and

E(N?) = n:r;;’J, hi(y)dy

We can therefore define the signal-to-noise ratio at x = 0 as®

0
5 A _..:I:_"ﬂh{.y...}-q--'}’— = ﬂ*E”'H

SNR=—— = — - ¥ :
E(NN2 gp ([, R dy)2 oo

This is an analytical expression for the detection criterion. If we maxi-
mize Z(h), the result is the standard matched filter. The derivation of
this filter is interesting in its own right, since it will allow us to become
more familiar with the calculus of variations.

4.3.1.2 Matched filter

For mathematical commodity, but without loss of generality, we will
assume that h is nonzero only in an interval [-W, W]. Since h is odd,
the denominator of £(h) can be rewritten as

8., We assume that hix) > 0 for x <0,
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Py 0
gm[ hi(y)dy)'?
- b

In order to minimize X(h) we can maximize

]
J- h*(v)dy
W

subject to the constraint
1]

hividy =c
W

Applying the Lagrange multiplier idea, this is the same as maximizing
1]

¥
C{h}=J ihzi}f}+ﬂuh{y}}dy:j d(v, h)dy
W — W

We know from section 4.2.3 that this can be done by solving the corre-
sponding Euler-Lagrange equation”

$y, =0

considered as a differential equation in h.
In this case, the Euler-Lagrange equation is very simple:

2h(y) +A, =0 (4.11)

which shows that h is constant over the interval [-W,0]. The corre-
sponding odd function is displayed in figure 4.13. This is the well-known
difference of boxes used in the Herskowitz-Binford edge detector [HB80|.

4.3.1.3 The localization criterion

Let us now look at the localization criterion. One possible way to make
this criterion quantitative is to define it as the amount of displacement
of the position x, of the maximum in the output e{x) with respect to
the true position x = 0 of the edge. The random variable x; depends on
both the edge and the noise. We define the localization as the inverse
of the standard deviation of x,. A maximum in the output o{x) at x;
corresponds to a zero value of the derivative o'(x,). Let us compute
o'(x) as follows:

9. Lower indexes indicate a partial derivative.
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E(N(x)*) = o J h“(y)dy

Let us look at the signal part. Assuming that x, is close to 0, we ap-
proximate S(x;), up to the second order, as

Sfxﬁ’ = .thﬂ} + I;;Aﬁ'{ﬂ}

Note that h is odd, and therefore hi(() = 0, which is equal to Axzh'(0).
Since x; also satisfies o'(x;,) = 0, we can write

ﬂllx{r] - .'5'{}:‘“]' -+ J"”I._;.‘.I = AJL‘;;.H'H” g .I"'HT{I”J' = ()

Therefore
—— N{Iu]
T AR(0)

The mean of x; is 0, and its variance E(x}) is given by

.. o TRy dy)

The localization is defined as

oo LRCOY

A
. i e = — A (h)
E(x))'" oo ([Jh2(y)dy)? oy

Notice that both the detection and the localization criteria are the prod-
uct of a term that is a property of the signal and the noise, A/o,, and a
term that is a property of the operator only.

The product £A can be considered as a measure of both criteria that
has the nice property of amplitude and scale independence, as can be
verified by replacing hix) by hyix) = ih{ fj. Therefore

__ [Phy)dy | h'(0) |
(2 h2(y)dy)' 2 ([ h2(y) dy)ii2

Finding the odd function h that maximizes the product £A can be
achieved by the calculus of variations in a way that is similar to what
was done in the previous section. We assume again that h is 0 outside
of the interval [-W, +W ], where W is a constant defining the size of the
impulse response h. We then maximize

(4.12)

A
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L}

J h2(y) dy
W

subject to the constraints
j_un h{:’-"}d_}" - 1':]1

JTH' ﬁe{}’:' dy = s,

and

h'(0) = ¢,

Applying the results of section 4.2.3, this is the same as maximizing

i

Cth) = I (h2(y) + Ah(y) + Ah2(¥)) dy = j By Ky
1} = W

The corresponding Euler-Lagrange equation is

Py — %ﬂlh =2h{v)+ A = 20:R"(v) =10 (4.13)

This differential equation has the solution

A cosha(x + W/2) ;
hix) = E“ cosh oW /2 ) on[-W,0]

where = A, "%

In particular, when o approaches infinity, A, approaches 0 and equa-
tion (4.13) reduces to equation (4.11). The value of hi{x) approaches a
constant over the range [-W,0], the signal-to-noise ratio approaches 1,
and the localization term increases without bound. This function which,
as we saw previously, is the optimal matched filter for the step edge
model given in equation (4.10), gives the best possible signal-to-noise ra-
tio with arbitrarily good localization. What is wrong then? Well, as shown
in Figure 4.14, it tends to exhibit many maxima in its response to noisy
step edges. The left part of the figure shows a step edge with noise added
to it. The signal-to-noise ratio is equal to 1. The right part of the fig-
ure shows the result of applving the optimal matched filter to this noisy
edge; the extra maxima are quite obvious. These extra maxima should
be considered erroneous. However, we did not consider the interaction
of the response at several nearby points when we constructed our crite-
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Figure 4.14 Problems with the matched filter (see text).

rion. This needs to be made explicit by adding a further constraint to the
solution.

4.3.1.4 The uniqueness-of-response criterion

We need to add the requirement that A does not have “too many"” re-
sponses to a single step edge in the vicinity of the step. In order to make
this idea quantitative, we must obtain an expression for the distance
between adjacent noise peaks in the output. We note that the mean dis-
tance between adjacent maxima in the output is twice the mean distance
between adjacent zero-crossings in the derivative of the operator out-
put. Rice [Ric45] tells us that the mean distance x,.. between the zero-
crossings of a Gaussian random process obtained by filtering a white
noise process with the impulse response gix) is equal to

)
R, (0)

where R,(T) = [ g(x + T)g(x)dx is the autocorrelation function of
the filtered noise. See problem 4 or the book by Papoulis [Pap65] for a
proof of this formula.
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Since R, (1) = ["~ g"(x + T)g(x) dx and

R;{{J} 2 I d'x)gix)dx = J. glx)d[g'(x)]

=lgixlg(x}]"Z —j g-ix)dx
assuming that g and g’ are zero at infinity, we have R;{U} =—[12 g (x)
dx, and

[[fgiix)dx
(o giix)rdx

Xave = T

In the case of edge detection, we are looking at maxima of the output of
the convolution of the image intensity with the impulse response h or,
equivalently, at zero-crossings of the convolution with h’. We thus have
a=nh, and x,.. is the average distance between two extrema of o(x).
The average distance between two maxima of o(x) is therefore equal to
2x,,.. Therefore

Loh?0dx .
o h(x)dx

Xmax = 2Xgye = 277 (4.14)

4.3.2 Finding the optimal h

The optimal h can be found in several ways, depending on how we com-
bine the three criteria. In all cases, the calculus of variations is used to
derive the h that maximizes the chosen criterion. We will first discuss the
original idea of Canny [Can83, Can86], which is illuminating, and then
we will discuss two related approaches proposed by Deriche |Der87) and
Spacek [Spa85].

4.3.2.1 Canny's approach

Canny maximizes the criterion A subject to the constraint x,,.. = kW,
which states that the average maximum distance between two local max-
ima has to be some fraction of the spatial extent of the impulse response.
From the beginning, therefore, the assumption is that this extent is finite,
in marked contrast to Deriche's approach, which will be discussed next.



99

Edge Detection

From the definition of equation (4.14), it can be seen that it adds only one
constraint to the previous three:

{1
J : h"(y)dy = ¢

Using the same ideas, we find that we have to minimize

0
Clh) = I (R () + Ah(y) + LRP () + AR () dy
W

]
. J o(y, h i, h") dy
_W

The corresponding Euler-Lagrange equation is

This vields the following differential equation:

2hix) - 2A:h"(x) + 2" (x)+ A, =0

It can be shown [Can86] that the solution h(x) of the differential equa-
tion is

hix) =e ™ (a,sinwx + a;coswx) + e™(a;sinwx + a,coswx) - A, /2

for x in [ -W,0].
This is subject to the boundary conditions

h(0) = h(-W)=h'(-W)=0
h'(0) = ¢y

We have also added the condition that x,.. is some fraction k of the
operator length W:

Xmax = kKW

Then a,, a;, a;, and a4 are easily computed as functions of «, w,¢;, and
A, [CanB6]:

z M
ay = Biiw2 sinh® & 6L Kin® w) "Fi (e, 'ﬂ‘ w)
A
A: = ~ gatmmat - aanJ 2 e B w)
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with
fi=alf — o) sin2w — oo cos 2w + (2w’ sinh o

+ 20¢°e ¥) sinw + 2o sinh ecos w + wie + Ble " - Bw

fo=o(f — @)cos 2w + ooew sin 20 — 2oecw cosh o sin o
— 2w sinh x cos w + 2w e "sinh o + ®(ox — B)

where f = —T‘]l The values of a; and a4 are obtained from a, and a,,
respectively, by changing the sign of «.

We therefore have a parameterization of h in terms of these four pa-
rameters. We still must find the values of the parameters that maximize
the ratio of integrals that forms our criterion. It can be shown that this
ratio is only a function of «, w, and 8. Therefore, the problem of find-
ing the optimal filter has been reduced from an optimization problem
in an infinite-dimensional space (the space of admissible functions h) to
a nonlinear optimization problem in three variables «, w, and B. Using
constrained numerical optimization, Canny found that the largest value
of k that could be obtained was about 3.64. The performance of the fil-
ter was then given by XA = 1.12. The corresponding values of «, 8, and
(i are

a = 2.05220
B =2.91540
w = 1.56939

which vield the following values for the coefficients a;, i = 1,...4, and A:
a, =.1486768717

a; = —,2087553476

a; = —1.244653939

as = —.7912446531

Ay = -2

This optimal filter (shown in Figure 4.15) is close to the first derivative of
a Gaussian
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Xmax ()

Clh) =Z(h)A(h) W

Or, expressing this as a function of h and its derivatives, we have

1 j?li'h{xjiix | h'(0) |
C{h} = e
W '[_r“w hi(x}dx)i: {J'E*“,h”!.[x}dx],n_:

Using the same techniques as in section 4.3.1.4, we have
d(x,h,h")=h"+ Ah + A:h"™

The corresponding Euler-Lagrange equation is

2hi(x) + A + 200" (x) =0

This yields the general solution

hix) = (a,sinox + a:cos ax)e™ + (a;sinox + ascosax)e ™ - A, /2

where a,,a;, a3, a4, o, and A, are constants that are determined by the
various boundary conditions and constraints that we have on h.

It is interesting to note that this solution for h is Canny's solution for
o = w. If we allow W to grow to infinity, the solution becomes

hix) = ae™ sin ax

This is Deriche's solution for o« = w. For W = 1, Spacek found the follow-
ing values:

a, = -13.3816 a; =2.7953
a; = 0.0542 Ay =—3.7953
o =1 Ay =-2

4.3.2.4 Comparing the performances of the operators

In order to compare the performances of the different operators, we
have computed the values of £, A, and x,,,, for the Canny, Deriche, and
Spacek operators and the first derivative of a Gaussian (FDG). Analytic
expressions can be obtained for the Deriche and FDG filters as shown in
table 4.2. We need to define W for an IIR filter h(x) since, in particular,
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Table 4.2 The performance indexes of the four filters described in the text.

Canny FDG Deriche Spacek
L .6093694443 JE NE 6039685433
A 1.B38076085 —— V2o 1.933738156
W Ty m
A 1120067951 /& =.9213177312 2 1.167917017
Xpax  1.200000207 2oy I 1.148754323
W 4235557861 oy < 4086727170

k 2833157395 - ,,',"j_ = 2.052079727 T =1.622311471  2.810939599
Ak 3.173328798 1.B90617438 3.244622942 3.282944191

the FDG and Deriche filters are of this type. A possible way is to define
W through equation (4.3)'%:

" xthi(x)dx

N[ hE(x)dx

The value of the performance index k = X0, /W is thus always well de-
fined. This is the definition that we have used in the table. Notice that,
because of that definition, W is not equal to 1 for the Canny and Spacek
filters. From the table, we see that if we consider only the criterion XA,
the operators can be ranked from best to worst as Deriche, Spacek,
Canny, and FDG. If we consider the product Ak, then the order becomes
Spacek, Deriche, Canny, and FDG.

4.4 Discrete implementations

Until now we have been working in the continuous domain. In practice we
work with discrete signals and the convolution operations are discrete
convolutions. For good introductions to discrete signal processing see

10. We have xXm = [ .. xh*i{x)dx =0 since h=(x) is an even function.
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the books by Oppenheim and Schafer and by Gold and Rabiner [O575,
GR78]. Given an impulse response h(n) and an input sequence i{n}), the
output sequence o(n) is the discrete convolution h @ i{n) of h and i:

o(n) = > ilk)hin—k)=> hikyiltn - k) (4.15)
k K

The sequence h can be finite or infinite. In the second case, care has to be

taken to insure the convergence of equation (4.15). The world of impulse

responses is therefore divided into two classes: finite impulse responses

(FIR) and infinite impulse responses (I1R).

When implementing convolutions with FIR filters, one has several pos-
sibilities. The first is to directly apply equation (4.15). If the length of h
is N, to compute one output point we need to perform N multiplications
and N — 1 additions. Another possibility is to use the Fourier transform.
If we assume that the length P of the input sequence is larger than N,
this technique requires klog. P operations per output point, where the
constant k depends on the specific implementation. From this it looks as
if dealing with IR filters is an impossible task unless we truncate the IR
so that it becomes finite. It is not so if we deal with recursive filtering
techniques, as we will show next.

4.4.1 Recursive systems

Suppose we have two finite sequences a(n) and b(n) of lengths p and
q, respectively. Given an input sequence i(n), let us compute the output
sequence o(n) as

-1

|

o(n) = > alk)itn —k) - > b(loin-1) (4.16)
k=) I=1

i.e., the ouput at point n is a linear combination of the previous p input

points and the previous g output points.!' The corresponding system

11. Such a system is called causal. Noncausal systems are described by the equation

p=1 i
o(n) = > alk)itn + k) - » b(hoin + 1)
k=1 I=1
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is linear and stationary and therefore it is characterized by an impulse
response hin):

o(n)=> hik)iln - k)
B

In the case where the sequence b(n) is zero, equation (4.16) reduces to
equation (4.15), with hin) = a(n). If the sequence b is nonzero, then h
is infinite [0OS75]. Therefore, equation (4.16) provides a way of computing
the convolution of an input sequence i(n) with an IIR using a finite num-
ber of operations per output point (p + g multiplications and p + q - 1
additions). So, given an IR h(n), if its effect on an input sequence i(n)
can be represented as equation (4.16), and if p + q is less than N (the
length of the truncated version of hin) that yields a good FIR approx-
imation to it), then we have a clear way to implement the convolution
with h. The problem is that not all convolutions with a sequence hin)
can be represented as equation (4.16). Fortunately, it is true in the case
of Deriche filter.

In order to study recursive systems'?, the reader must be familiar with
the notion of the z-transform of a sequence, which is also used in the
study of the complexity of algorithms as the notion of generative se-
quences [Knu68). For more details, the reader is referred to, for example,
chapter 2 of the book by Oppenheim and Schafer [0S75]). If we take the
z-transform of both sides of equation (4.16), we obtain

Pl q
O(z)=1(2) X alk)z* - 0(2) > bi)z!
[=]

k=ih

Therefore

“T337 bz ? (4.17)
The key property of a recursive system, which is apparent from this
equation, is that the ratio of the z-transforms of the output and the input
is a rational function of z. Note also that, given equation (4.17), it is easy
to write the recursive relationship (4.16) between the input and output
sequences just by reading the coefficients of the rational function.

12. The word recursive stems from the fact that the output in equation (4.16) is com-
puted as a linear combination of some of its previous values.
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4.4.2 The recursive implementation of Deriche’s filter

Let us consider the recursive implementation of Deriche's filter defined
by the impulse response

hin)=sne ™"

Let us split hin) into two parts

hiny=h.(n)+h_(n)

where
[ sne ™ nz=
h.in)= lo R
and
hoin)=1{"° ezl
me™ n=<0

Because the z-transform is a linear operation, the z-transform H(z) of
hin) is the sum of the z-transform H.(z) of h.(n) and H_(z) of h_{n).
Let us compute both:

-0

Hi(z)=5)> ne™z =5z > ne ™z =52G,(2)

M=) =1l
Clearly
) = B
where

1

K__[z} = EE.-|mz-ﬂ: e
= ] —g-oz-1
The series is convergent for | z |> e ®. Finally

se %z
(1 —e-az-1):2

H.(z) =

This describes a causal system with a double pole at e *. Similarly we
find that
se~*z
(1 - e-2z)?

H(z)=-
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I

Figure 4.17 A two-dimensional constant-intensity step edge.

kix)k(y). Since h(x) = ﬁktxh by applving the convolution theorem
to f @ K(x, ¥) we have

;;{f @Kix,¥))=feh(x)kiy)

D i I
5(} aKix,»v))=fekix)hiy)

From this it is clear that the gradient of F can be computed by convolv-
ing the rows (the columns, respectively) of f with those of h and k. The
advantage of this approach is that the filtering operations required to
compute the gradient of the smoothed image are separable (i.e., rows,
columns), and therefore one-dimensional, which can be extremely effi-
cient in terms of computation. The disadvantage is that the smoothing is
nonisotropic: The directions 45 degrees and 135 degrees undergo more
smoothing than 0 degrees and 90 degrees, and it is expected that edges
in these directions will be detected more accurately than in others, the
worst being the cases of 45 degrees and 135 degrees.

In order to see this better, let us assume that f is one-dimensional, i.e.,
fix,v) = f(x). This implies'? that

13. We assume that k is normalized so that [ kix)dx = 1.
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—(feK(x,¥)) =fehix)
f:,{f@.ir:{x.yn =0

The only nonzero component of the gradient of F is thus obtained by

convolving f with h. Let us then suppose that | is rotated by 45 degrees,

i.e,, fix,¥)= f(x + y). The partial derivative in that direction is the

projection of the gradient in that direction, and therefore is proportional
to (= + i%]_,1"’IE-KI[:n:.'.j.*]:

fix,v)e[h(x)k(y)+ kix)hi(y)]

Applying the change of variable u = x + ¥ and v = x, this is the same as
Fluy ® [hivikiu = v} + h(u - viki(v]]

The equivalent impulse response in u is

Jl{h{ﬂkm —v) + hiuw—v)k(v))dv = 2h & k(u)

The result is proportional to

(fek)ehiu)

The only nonzero component of the gradient of F is thus obtained by
first smoothing f with k and then convolving the result with k. Therefore
f is subjected to more smoothing in the 45 degrees direction than in the
0 degrees or 90 degrees directions (the extra smoothing corresponding
to the convolution with k).

In order to alleviate this problem, we can take K to be isotropic:
Kix,v) = kir), (r = /xT+ ¥%). The gradient is given by

0 .. X
Et,f@i{r}} --~,f@h{r};
i ¥
E‘j:[fﬂk{r” —f@h{r}r

The partial derivative in the direction @ is given by

s :
! @%Lxcnsfﬂysmﬂ}
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Suppose now that f is only a function in the direction @: fix,v) =
fixcos@ + vsin@). By applying the change of variable u = x cos @ +
¥sind and v = —x sin @ + v cos ¢, we obtain

h e
f“-” @ %H 'L"r'hEl'E".r..—_ yr'u.f + i

The eqguivalent impulse response, a function of u, is
hi
u J p) dv
i

which is in general different from hiw). Therefore we still have the same
problem as in the separable case: An edge is not detected by convolving
the intensity distribution perpendicular to its direction with h. The dif-
ference is that the error is uniformly distributed in all directions. From
an implementation standpoint, due to the simplicity of separable convo-
lutions, the first solution appears more attractive,

4.5.2 Finding edge pixels

Having computed the smoothed gradient at each pixel in the image, po-
tential edge pixels are selected by choosing those that are local maxima
of the gradient magnitude in the direction of the gradient. This technique
is called nonmaxima suppression. We assume that at an edge, the gradi-
ent g of F, is normal to the edge, and that its magnitude there reaches
a local maximum along a cross-section of the smoothed intensity image
taken along its direction. This is equivalent to saying that an edge will be
detected at zero-crossings of the second derivative DF of the smoothed
intensity F in the direction of the gradient. D_F is defined as a function
of F by equation (4.8).

It is worthwhile to note that this definition of an edge point does not
necessarily imply that g is parallel to the normal of the edge curve. In
order to see this, we notice that the edge curve (¢) is defined by the
equation

elx,v)=g'Hg=10 (4.18)

Therefore its normal is parallel to the vector Ve, which is found to be
equal to
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Ve=I(2H +R)g (4.19)

where

{H.'EE}I f'-,,_.l 'F.'l'.'r
B [EH,.E}"]‘ By = [F_,,_:,. F,,_J
is the partial derivative of the Hessian H with respect to x and H, its
derivative with respect to y.

There is no reason why the vector defined by equation (4.19) should be
parallel to g. In fact it is fairly easy to characterize those image curves
that satisfy the property that their normals are parallel to the image gra-
dient at every point. Consider figure 4.18, in which we have represented
the image curve (¢) in the x y-plane and the image surface (X) of equa-
tion z = Fix, v). The curve (¢} is the parallel projection of a curve (C) on
the intensity surface along the z-direction. Let m be a point of (¢), and
let M be the corresponding point of (C). Let G (see section 4.1.2.1) be the
gradient of the image intensity surface at M, T the unit vector tangent
to (C), t the unit vector tangent to (c), and g the projection of G. Since
G is normal to the intensity surface and T is tangent to a curve on this
surface, we have

T -G= Hy T + Guly—1;= 0 (4.20)
But since t‘r,l'ﬁ + T;' =Ty, T\]1", we also have
(L - E}"I.IrTfJ:T-.ﬁ =g 1 + g, T,

which is equal to T (equation (4.20)). Therefore t - g = 0 is equivalent to
T. =0, ie., the curve (C) must be the intersection of the image intensity
surface with a plane of constant z. This means that the intensity does
not vary along (c), whose equation is therefore F(x, v) = constant. In
practice, it is often the case that this condition is satisfied even though
there may be cases where it is not.

If this is true, then, as shown in figure 4.19, it is easy to deduce a value
for the curvature k of the contour considered. Indeed, if we consider the
unit normal n = ﬂ%” and the unit tangent t = ﬁﬁ, we have the following
relation:

t-g=0
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4
A
/ E’“‘x\izn
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im |
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Figure 4.18 In order for g to be parallel to the normal n to (¢), (C) has to
be a special curve on (X).

Differentiating this expression with respect to the arclength s of the edge
curve and using the Frenet formula (see appendix C), we obtain

kin-g) +tU'Ht=0

since ‘if = dds ﬂf 'ﬂ-{' = Ht. Using equation (4.9), this vields

ix s

gl (FE ¥ Fpe
But because DZF = 0, equation (4.8) yields
2FxFyFyy = —FiF2 — FyF 2
which leads to

F.2+ F,2 V-F
K=- T 4.21
(FE + Fgjie gl { :

Equation (4.21) vields the curvature of the edge curve as a function of the
image intensities. If the hypothesis that the smoothed image intensity is
constant along the edge curve is not true, then the computation is more
involved (see problem 5).
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a recursive implementation of their filter, and to Shanmugam, Dickey,
and Green [SDG79]. An interesting variation on this theme can be found
in the work of Shen and Castan [SC92]. An extension of these ideas to
the detection of three-dimensional edges can be found in the article by
Monga, Deriche, and Rocchisani [MDR91]. Another approach, very dif-
ferent from the ones presented in this chapter, considers the problem
of finding edge curves in an image as one of finding sequences of con-
nected pixels maximizing some criterion defined on the discrete image
considered as a graph. These curves are then found using either heuristic
search techniques such as the A* algorithm [Mar72| or dynamic program-
ming (see chapter 6) [Mon71]. These methods can also be extended to
take into account sophisticated statistical models as proposed by Bas-
seville [BEGS1, Bas81]).

Variants of the idea of smoothing the data by approximation, or
surface-fitting, which was presented in section 4.2.4.1, can also be found
in the original paper by Hueckel [Hue71] and in a paper by Nalwa and Bin-
ford [Nal86]. Yet another very different approach is to use the so-called
Hough transform [Hou62] to detect edge lines as parameterized curves
[Dud72, KBS75] (see also chapter 11). Finally, there are three excellent
books, one by Rosenfeld and Kak [RK82], one by Martin Levine [Lev85],
and one by Anil Jain [Jai89], which cover the basic issues of image pro-
cessing, including edge detection.

4.7 Problems

1. In this problem we show that the solution to the discrete smoothing
problem (see section 4.2.4) is a cubic spline. Given some measure-
ments f,, we look for a € function S{x) that minimizes the follow-
ing criterion:

C(S) =D (fi —S(x))? + F{js‘”{x}:’dx (4.22)
k

a. Show that the criterion (4.22) is a convex functional, i.e., that
CloeS) + {1 — @)5:) = alCi(5) + (1 — a)C(S5)

for all functions $, and S;, and 0 = & = 1.
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2.

. Show that (4.22) can be written as

J‘[,?-S“'[.&f]ﬁE + (§(x) - f{x}}fzﬁix - xi 1] dx
K

and that the corresponding Euler-Lagrange equation is

AS(x) +5(x) D 8lx —xp) =D fid(x — x;)
& k

. Since the criterion C is convex, the minimum of criterion (4.22) is

unique. We will now show that, if the x, are evenly spaced, § can
be determined in terms of the f, by a convolution for infinite or
periodic sequences. Let §5(x) = R @ f(x). Since we know f only at
the points x;, we can take f(x) =3, fid(x — x;). Show that the
coefficient of f; in the Lagrange-Euler equation is

ARM(x — x) + D Rix; - x1)8(x — x)) — 8(x — x3) (4.23)
il

. Show that if the x, are not evenly spaced these equations are

inconsistent and that if they are evenly spaced they reduce to the
following equation:

AR (x) + D R(x)8(x — xp) = 8(x) =0 (4.24)
i

. We will now show that the solutions to equation (4.24) corre-

spond to cubic splines “stitched” together at the points x;. Let
Ri(x) denote the solution in the range x; = x = x,., and write
Ri(x) = ox® + Bux” + yux + &,. Write three algebraic conditions
on the coefficients oy, Bi, ¥ Or, @1, Biot, Y1, and 6., express-
ing the fact that R(x) is C° at x;.

. Show that R""(x) has a discontinuity of - *L::L'.L’ at x;. Hint: Inte-

grate equation (4.24), and find a simple relationship between o,
El'ld ﬂ:k-].

. Use the results of questions e and f to determine three first-order

recursive relationships between B, and B, ¥ and y..,, and &,
and &;_;.

Work out the minimization problem in the Haralick edge detector.
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Let nix) be a stationary process with autocorrelation function
Ap(T) = Elnix)ni{x + 7)). If we convolve n with an impulse re-
sponse hix), we obtain a new random process mix) =n & hix).
Show that the autocorrelation A, (1) of m is equal to

An ® g(T)
wheregit)=he h_(t),and h_ (1) = h(-T).

In this problem, inspired by Perona and Malik [PM90], we prove

the result of Rice about the mean distance between zero-crossings

of a stationary Gaussian random process (see section 4.3.1.4). Let

nix) be a white stationary Gaussian process and f(x) be a

twice-differentiable impulse response. We will consider the filtered

Gaussian process ny(x) = f @ n{x). We are going to compute the

average spacing x,.. between positive-derivative zero-crossings of

nsgix).

a. A necessary and sufficient condition for x to be a positive-deriva-
tive zero of ny is that ny(x) =0 and ny(x) > 0. Considering the
Function H(n;(x)) and its derivative (H is the Heaviside function),
build a function s{x) that is infinite at the positive-derivative ze-
ros of ny and zero elsewhere,

b. The quantity we want to compute is the reciprocal of the average
value of s({x). Using standard properties of the Fourier transform,
show that

..'?Tll;i:'ﬂrﬂ]'ﬂ}.:l}

] dE(e
Bl = 47r? JJ- aq dpdq

c. Taking the density probability of n equal to e Fridt ang letting
k = 2im, show that

dnilipn g --qgh':l.-

Ele )

EJE %J-[-:mh klpf{x-rlqu'l.r rIII:-kE[pIT.\.’ Ilnqj't.t-rllzjdrdﬂ

d. Show that this is equal to

] 2 -
E:;l: ip HJ.-IEH i HJ,.HI:-P



Representing Geometric Primitives
and Their Uncertainty

In this chapter we will study in detail how to represent some fundamen-
tal geometric primitives. A representation is a mapping from the set of
geometric primitives under study to a set of numerical parameters, a sub-
set of R". The variable n is the dimension of the representation. Given
the problem of choosing among several representations of a set of geo-
metric primitives, it is important to ask the following questions [MK78,
BR78]:

1.

Is the representation unique? Does every representable geometric
primitive have a unigue representation? This is equivalent to saying
that the previous mapping is one-to-one.

Is the representation complete? In other words, does every geomet-
ric primitive admit a representation?

Is the representation minimal? This means that the number of pa-
rameters used in the representation is minimal. This number is char-
acteristic of the set of geometric primitives and is called its dimen-
sion. It is important to note that that there exist nonminimal repre-
sentations whose dimensions are larger than the dimension of the
set of geometric primitives.'

Is the representation smooth? This means that, if a geometric prim-
itive varies smoothly, then its representation also varies smoothly.

1. There may also exist representations whose dimensions are smaller than the di-
mension of the set of geometric primitives. We exclude those from our consideration
because they do not allow for the reconstruction of the primitives.
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Of course, we do not always insist on having representations that satisfy
all these requirements. It depends on the application.

There is a very natural way of thinking about these questions. Mathe-
matically speaking, the relevant notion is that of a manifold. Rather than
rediscovering this notion for every case, we will give the general defi-
nition. Interestingly enough, this notion, which is forced upon us even
by examples as simple as projective points in the plane, implies that we
abandon in general the simple idea of representing a set of geometric
primitives by a single mapping into a set of parameters. We need several
mappings and, as a consequence, a single primitive has several represen-
tations. The key idea of manifolds is that all those representations are
smoothly related.

5.1 How to read this chapter

This chapter is organized into two almost independent sets of sections.
In sections 5.2 to 5.5 we discuss the problems of representations, while
in section 5.6 we discuss the problem of computing the uncertainty of
parameters that are nonlinear functions, either explicit or implicit, of
some measurements. This problem occurs often in many applications of
computer vision and can be considered of great practical importance. In
the case where the functions of the measurements are explicitly known,
the result is summarized in equation (5.28), which gives the covariance
matrix of the parameters as a function of the Jacobian matrix and the co-
variance matrix of the measurements. We also give a deterministic inter-
pretation of this result that avoids the need for introducing probabilities,
which we believe to be unnatural most of the time. This can be skipped
on the first reading. In the frequent case where the parameters are ob-
tained by minimizing some criterion function, the Jacobian matrix is not
directly available but can be obtained by applying the implicit functions
theorem. Section 5.6.4 gives an example of the application of this result
to a very common practical problem and requires only some simple re-
sults from section 5.3.3.2.

The first four sections of the chapter fill two different needs. The first
need is to establish a solid theoretical basis for the representation of ge-
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ometric primitives such as points, lines, planes, orientations, directions,
and displacements, which are routinely manipulated in computer vision
problems. The second need is to give us tools for chapters 6, 8, and 11.
The reader who is interested only in the tools can read the definition of a
manifold in section 5.2, section 5.3.3 on the representation of 2-D lines,
section 5.4.3 on the representation of planes, section 5.4.4 on the repre-
sentation of 3-D lines, section 5.5.2 on quaternions, and section 5.5.4 on
exponentials of antisymmetric matrices.

5.2 Manifolds

Suppose we are given a set X of primitives (see figure 5.1). It is conve-
nient to think of those primitives as points in R" forming a subset of that
space. We assume that X is such that there exists a family U; of open
sets of R™ covering X and such that, for each U;, there exists a one-to-
one mapping @, from U, n X into R%. The maps @, should be thought of
as the representations of the set of primitives X. They must satisfy the
following coherence condition:

{'uz

—

Figure 5.1 A manifold of dimension 2.
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